Effective field theories for superconducting systems with multiple Fermi
  surfaces by Braga, P. R. et al.
ar
X
iv
:1
60
4.
02
88
6v
2 
 [h
ep
-th
]  
21
 A
ug
 20
16
Effective field theories for superconducting
systems with multiple Fermi surfaces
P. R. Braga.a∗, D. R. Granadoa,c†, M. S. Guimaraesa‡, C. Wotzasekb§,
a Departamento de F´ısica Teo´rica, Instituto de F´ısica, UERJ - Universidade do Estado do Rio de Janeiro
Rua Sa˜o Francisco Xavier 524, 20550-013 Maracana˜, Rio de Janeiro, Brasil.
bInstituto de F´ısica, Universidade Federal do Rio de Janeiro, 21941-972, Rio de Janeiro, Brazil.
c Department of Physics and Astronomy, Ghent University
Krijgslaan 281-S9, 9000 Gent, Belgium
Abstract
In this work we investigate the description of superconducting systems with multiple
Fermi surfaces. For the case of one Fermi surface we re-obtain the result that the super-
conductor is more precisely described as a topological state of matter. Studying the case
of more than one Fermi surface, we obtain the effective theory describing a time reversal
symmetric topological superconductor. These results are obtained by employing a general
procedure to construct effective low energy actions describing states of electromagnetic sys-
tems interacting with charges and defects. The procedure consists in taking into account the
proliferation or dilution of these charges and defects and its consequences for the low energy
description of the electromagnetic response of the system. We find that the main ingredient
entering the low energy characterization of the system with more the one Fermi surface is a
non-conservation of the canonical supercurrent triggered by particular vortex configurations.
1 Introduction
In this work we investigate the low energy description of electromagnetic systems as a function of
configurations of charged sources and defects. We specifically address the case when such systems
are superconducting and may display multiple Fermi surfaces.
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This present work was mainly motivated by the illuminating study developed in [1], where
the authors centered the analysis of a superconductor state on the proper identification of its low
energy degrees of freedom. This lead to the conclusion that the effective low energy theory of a
superconductor, usually described by Ginzburg-Landau theory, is more appropriately described
by a topological BF theory encoding the topological interactions of vortices and charges in the
system. This strategy led us to consider the use of a procedure, known as the Julia-Toulouse
approach (JTA) [11], which naturally accommodates such a focus on the behavior of the degrees
of freedom. The JTA has the aim of constructing an effective field theory for gauge fields from
semi-classical considerations about the collective dynamics of charged particles and defects in the
system. The procedure is throughly reviewed in [12] and has already been employed for the study
of superconducting systems in relation to confinement [13], see also [14, 15] for related work.
Another motivation for the present work comes from the recent studies of Qi, Witten and
Zhang [2]. These authors proposed an effective theory for a time reversal invariant topological
superconductor in three spatial dimensions, (3 + 1)D (for a review of topological materials see
[3]). Their construction involves consideration of a time reversal topological insulator in (4+ 1)D
sandwiched between two boundaries, where each boundary sustain a (3+1)D s-wave superconduc-
tor. This construction leads, upon dimensional reduction, to an effective description of topological
superconductor characterized by a topological term describing a coupling between the electromag-
netic field and the superconducting phase fluctuation. Such a coupling is mathematically the same
as the one between an Abelian gauge field and an axion. One of the main results presented in
their work is the realization of the phenomenon of anomaly inflow [7] due to the contribution of
so called “chiral vortices”.
In this work we provide a construction of the effective field theory of superconductor states
that encompasses the observations in [1], thus recovering their findings. Further, we show that
this construction can tackle the case of multiple Fermi surfaces as well, and we show that this
naturally leads to the results of [2]. This construction thus highlight the fact that the main
element characterizing the class of topological superconductor discussed in [2] is the presence of
more than one Fermi surface, such that the single Fermi surface superconductor discussed in [1]
can be viewed as a special case. Furthermore we clarify the role played by the different vortices
in the system providing a precise relation between them and the anomaly of the supercurrent.
We observe that an apparent paradox in the results of [2] was reported in [8], where the authors
pointed out that Majorana fermions, being uncharged, could not account for the anomaly inflow
and proceed to propose a solution to the anomaly imbalance (for a review about the role of
Majorana fermions in topological superconductor see [9, 10]). In the present work we add to these
findings by showing that the non-conservation of the supercurrent is a consequence of the existence
of a particular configuration of vortices that do not carry electromagnetic flux. Nevertheless this
is just an apparent anomaly restricted to the non-conservation of the canonical supercurrent, since
gauge symmetry is maintained throughout the whole procedure and the total electric current in
the system is conserved, as it should.
This work is organized as follows. In section 2 we present the general description a supercon-
ductor state from the point of view of the JTA relying on a parametric condensation or dilution
of vortices in the system. This section will provide the main concepts and ingredients for the
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following sections. In section 2.1 we present our first main result which is the recovering of the
results of [1] under our formalism. In section 3 we discuss the case of a system displaying two
Fermi surfaces. A superconductor is characterized by the dynamics of excitations near a Fermi
surface. The key observation here is to allow for charge transfer between Fermi surfaces. This
gives rise to a non-trivial topological interaction between different Fermi surfaces and results to
be the origin of the topological properties obtained in the effective theory put forward by [2]. In
section 4 we generalize the results for an arbitrary number of Fermi surfaces. In section 5 we
present our conclusions.
2 Effective theory for a superconductor and condensation
Consider the Euclidean action defining a gauge field interacting with a classical source in 4D
Sem =
∫
d4x
(
1
4
FµνFµν − iqAµJµ
)
(1)
where Fµν = ∂µAν − ∂νAµ and Jµ is a classical current. This action describes the electromagnetic
field interacting with an external source with electric charge q. We define the partition function
of the system, which is the generating functional of gauge field correlation functions, by coupling
the system with an external auxiliary current jµ, carrying charge e, and integrating over gauge
field configurations as well as summing over the classical configurations of the external sources Jµ
Z[j] =
∑
J
∫
DAδ[∂µJ
µ]e−
∫
d4x( 14FµνFµν−iqAµJµ)e−ie
∫
d4x Aµjµ (2)
where the integral measure for the gauge field must be defined with an appropriate gauge fixing,
which we omit in the notation. We also inserted a delta function constraining the classical source
to be conserved in order do maintain gauge invariance. This delta function may be exponentiated
with the help of an auxiliary field θ, resulting
Z[j] =
∑
J
∫
DADθe−
∫
d4x( 14FµνFµν−iq(Aµ+
1
q
∂µθ)Jµ)e−ie
∫
d4x Aµjµ (3)
In this form, there is no constraint in the current Jµ and gauge symmetry is realized as
Aµ → Aµ + ∂µχ
θ → θ − qχ (4)
The sum over the current Jµ configurations is so far unspecified. We can give a prescription to
perform this sum and in doing so we will define different behaviors for the resulting gauge field
correlation functions. In that sense, prescribing the ensemble of current configurations define
different gauge theories. In fact, as example, consider the extreme case of Jµ = 0 as the only
configuration. This is just free Maxwell theory. Another more interesting case is to consider
Jµ as a continuous field in such a way that the sum is simply replaced by a path integral, i.e.,
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∑
J →
∫
DJ . This is tantamount to consider the system as a perfect electric condensate. The
result is that Jµ turns into a Lagrange multiplier forcing the gauge field to vanish, which is just
the Meissner effect in a perfect superconductor (with zero penetration lenght).
We can study this process of dilution and condensation under an equivalent perspective. It is
known that the process of charge condensation can be viewed from a dual point of view, where
defects (vortices in this superconductor example) in the system goes through a process of dilution.
In order to see this, we make use of the Poisson summation formula∑
J
δ[Jµ(x)− ηµ(x)] =
∑
K
ei2pi
∫
d4xηµ(x)Kµ(x) (5)
Where J andK are 1-currents and η is a 1-form. The generalization for p-currents and p-forms inD
dimensions is straightforward. This formula can be proved by going to the lattice formulation and
starting with the original Poisson summation formula, with J and K integer valued variables and
η a real valued function [11]. Note that the extreme examples of complete dilution and complete
condensation are consistently represented in this formula. If Jµ = 0 is the only configuration on
the left hand side we get a δ[ηµ(x)], which is the result if we make
∑
K →
∫
DK in the right hand
side. Contrariwise, if we make
∑
J →
∫
DJ on the left hand side, we get 1, which is the result
if Kµ = 0 is the only configuration in the right hand side. Thus, we conclude that a complete
dilution of Jµ corresponds to a complete condensation of Kµ and vice-versa. This suggests that
Kµ stands for the defects, dual to the charges Jµ.
These extreme examples of complete condensation or complete dilution can be seen as the end
points of a physical process of condensation of the electric charges and illustrates the point of view
we want to convey here. Mathematically, we can consider a diluted electric charge configuration
as an ensemble of 1-currents, that is, distribution-valued 1-forms. For instance, for a single electric
charge we have
Jµ(x) =
∫
dτ
dyµ
dτ
δ4(x− y(τ)) (6)
and the summation
∑
J amounts to an integral over all the possible charge’s worldlines y(τ)
weighted by the charge’s action S(y(τ)) describing the charge’s dynamics. For many point charges
we would have a sum over the worldlines of all the charges. For a continuous distribution of charges
we would have a continuous source, whose sum over different ensemble configurations is defined
by a path integral weighted by an action S(J)1 . The condensation, whose extreme cases were
described above, is thus an operation that maps an ensemble of 1-currents into an ensemble of
1-forms. This operation specifies a physical process that connects different theories, describing
the system in different phases.
In order to see this, let’s rewrite the partition function (3). We define the sum over currents
making explicit the weight e−SJ defining the ensemble of currents. Also, we insert in the path
1Treating J as an external current leads to the interpretation of the action S(J) as generating contact terms
for the n-point functions of the fundamental fields [18]
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integral the unit ∫
Dη δ[Jµ(x)− ηµ(x)] = 1 (7)
obtaining
Z[j] =
∑
J
∫
DADθDηδ[Jµ(x)− ηµ(x)]e−
∫
d4x( 14FµνFµν−iq(Aµ+
1
q
∂µθ)ηµ)e−ie
∫
d4x Aµjµe−Sη (8)
where, due to delta function, we replaced J → η everywhere in the argument. Now, using the
Poisson summation formula (5), we obtain the equivalent formulation
Z[j] =
∑
K
∫
DADθDηe−
∫
d4x( 14FµνFµν−iq(Aµ+
1
q
∂µθ+
2pi
q
Kµ)ηµ)e−ie
∫
d4x Aµjµe−Sη (9)
We can now have a more clear understanding of the meaning of the ensemble action Sη. In order
to perform the integral over η we have to specify a form for this action. Consider first the simplest
choice of putting Sη = 0. In this case, η is a Lagrange multiplier that imposes
Aµ = −
1
q
∂µθ −
2π
q
Kµ (10)
since K is a 1-current, it defines localized lines in space. This equation just says that the gauge
field Aµ is restricted to flux filaments and thus we see that K stands for vortices in the system.
If K dilutes the vortices disappears and the system becomes a perfect superconductor with zero
penetration length for the magnetic field. On the other hand, if K condenses then we recover free
Maxwell theory with the field K as the gauge field.
Turning on the action Sη adds more structure to this setting, but the physics is the same. Consider
the derivative expansion
Sη =
1
2M2
ηµη
µ +
1
2M41
ηµ∂
2ηµ + · · · (11)
Where M and M1 are mass parameters. This expansion is justified if we want to describe the low
energy fluctuations of the field η. Considering only the first term in this action, which corresponds
to choosing the lowest order term in this derivative expansion, we can readily solve the path integral
for η, using its equation of motion (since η is an auxiliary field in this approximation):
ηµ = iqM
2
(
Aµ +
1
q
∂µθ +
2π
q
Kµ
)
(12)
and we obtain
Z[j] =
∑
K
∫
DA
∫
Dθ e
−
∫
d4x
(
1
4
FµνFµν+
q2M2
2 (Aµ+
1
q
∂µθ+
2pi
q
Kµ)
2
)
e−ie
∫
d4x Aµjµ (13)
which is the action for the electromagnetic response in a superconductor with penetration length
∼ 1/M .
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2.1 The topological theory of a superconductor
The previous description of the superconductor state is suitable to be cast in a manifestly topo-
logical field theory description. The superconductor is usually regarded as a state resulting of a
spontaneously broken gauge theory, but the very concept of gauge symmetry breaking is mislead-
ing to say the least, since gauge symmetry is not a symmetry, but a redundancy in the theoretical
description. The observation that the superconductor is a topological state of matter was made
in [1] and in this section we cast this conclusion under the light of the discussion of the previous
section.
An important clue for the interpretation of the superconductor state as a topological state of
matter is the identification of its low energy degrees of freedom. There are three types of excita-
tions that can be read from the partition function (13): quasiparticles with coupling e, vortices
and massive vector particles (massive photons). As pointed out in [1], even if naively one may
consider the quasiparticles to carry a classical charge e, this is not so because these quasiparticles
are charged with respect to a massive vector field, so that the classical charge, measured by the as-
simptotic flux of the massive photon, dies away for distances≫ 1/M . Therefore the quasiparticles
with coupling e are classically neutral.
But these quasiparticles do carry a topological or quantum charge coming from an Aharonov-Bohn
interaction with the vortices. The energy density remains finite if asymptotically the field strength
Fµν and the mass term
(
Aµ +
1
q
∂µθ +
2pi
q
Kµ
)2
vanishes. It follows that at large distances we have
2 ∮
C
dxµAµ =
2π
q
∮
C
dxµKµ =
2πn
q
(14)
Where we used the fact that
∮
C
dxµKµ = n ∈ N is the linking number between line C and the
vortex line defined by the 1-current K. Therefore, the vortex carry a flux Φ = 2pin
q
and we identify
Φ0 =
2pi
q
as the fundamental vortex flux. If we make a quasiparticle with coupling e go around a
vortex carrying fundamental flux Φ0, it will gain an Aharonov-Bohn phase
θAB = e
∮
c
dxµAµ = eΦ0 =
2πe
q
(15)
For a superconductor q = 2e is the charge of a Cooper pair and in this case there is a nontrivial
phase
θAB = π (16)
As thoroughly discussed in [1] this is the fundamental property that characterizes the superconduc-
tor as a topological state. The effective theory describing the superconductor state is a topological
field theory describing the intersection of the world lines of the quasiparticles and vortices. This
is given by the BF theory defined by the action [16, 17]
SSC =
∫
d4x
(
1
π
εµνρσbµν∂ρaσ − aµj
µ − bµνj
µν
V
)
(17)
2Note that in the present formulation θ is a regular field and not an angular variable
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where jµνV = ε
µνρσ∂ρaσ is the vortex current and j
µ = εµνρσ∂νbρσ is the quasiparticle current.
Topological field theories have become very important in the description of topological materials,
see for instance[4, 5, 6]
Here we show how the BF action (17) can be derived by following the steps of the first section.
Coupling the gauge field with a current with electric charge of a Cooper pair q = 2e, the action
in the partition function (9) reads:
S =
∫
d4x
(
1
4
FµνFµν − 2ieAµηµ − iθ∂µηµ − 2πiKµηµ + ieAµjµ
)
+ Sη (18)
An important point to notice is that the vortices in this theory are defined by the vortex current
JµνV = ǫ
µνρσ∂ρKσ (19)
We can implement this information in the theory by the identity
∑
K
f(K) =
∑
JV
∫
DaGF δ(J
µν
V − ǫ
µνρσ∂ρaσ)f(a) (20)
where f(x) is an arbitrary function. For a proof of this statement, see appendix A. The field a in
this formula is understood to be gauge fixed by ∂µa
µ = 0. This expression effectively replaces K
by a in all expressions. From this we obtain:
Z(j) =
∑
JV
∫
DADηDθDaDbeiS (21)
with
S =
∫
d4x
(
1
4
FµνFµν − 2eiηµ(Aµ +
1
2e
∂µθ +
π
e
aµ) + ieAµjµ + i(bµνJ
µν
V − bµνǫ
µνρσ∂ρaσ)
)
+ Sη
(22)
where b is the Lagrange multiplier implementing the condition (20).
Now the superconductor is parametrized by the vortex current JV such that: if JV = 0, the
Lagrange multiplier b will force ǫ∂a = 0. Therefore, a = 0, since ∂a = 0 (or a = ∂φ if the gauge is
not fixed) and we obtain a pure superconductor state upon integration over η. On the other hand,
if JV condenses (
∑
J →
∫
DJ) it becomes a Lagrange multiplier forcing b = 0, as a result a also
becomes a Lagrange multiplier forcing η = 0 and we recover the usual Maxwell action coupled to
jµ. This is the non-superconducting state.
Returning to the intermediate cases, where there are vortices in the system but they are not
condensed, we can perform the integration over η. We consider the case where a saddle point
approximation is justified, so that we just have to solve the equations of motion:
δS
δηµ
= −2ei(Aµ +
1
2e
∂µθ +
π
e
aµ) +
δSη
δηµ
= 0 (23)
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for the case:
Sη =
∫
d4x
1
2M2
ηµη
µ (24)
It follows
ηµ = 2M
2ei(Aµ +
1
2e
∂µθ +
π
e
aµ) (25)
replacing this solution in the action we have:
Sη − 2ei
∫
d4xηµ(Aµ +
1
2e
∂µθ +
π
e
aµ) = 2e
2M2
∫
d4x(Aµ +
1
2e
∂µθ +
π
e
aµ)
2 (26)
It is convenient to define
Bµ ≡ Aµ +
1
2e
∂µθ +
π
e
aµ (27)
Fµν(B) = Fµν(A) +
π
e
Fµν(a) (28)
Then the action becomes:
S =
∫
d4x
[
1
4
F 2µν(B) +
π2
4e2
F 2µν(a)−
2π
e
Bν∂µF
µν(a) + 2e2M2B2
+ ieBµj
µ − iπaµj
µ + ibµνJ
µν
v − ibµνǫ
µνρσ∂ρaσ] (29)
integrating B we will get only higher order contribution in ∂F (a) for the effective action. Therefore,
at low energies the action reads:
Seff =
∫
d4x (−iπaµj
µ + ibµνJ
µν
v − ibµνǫ
µνρσ∂ρaσ) (30)
or redefining a→ 1
pi
a and b→ −b we get
Seff = i
∫
d4x
(
1
π
bµνǫ
µνρσ∂ρaσ − aµj
µ − bµνJ
µν
V
)
(31)
which we recognize as the topological BF theory defined by the action (17).
3 The case of two Fermi surfaces: effective field theory for
a topological superconductor
In order to extend these ideas to the description of a superconductor in a system with more than
one Fermi surface, we start with the same partition function as before
Z[j] =
∑
J
∫
DAδ[∂µJ
µ]e−
∫
d4x( 14FµνFµν−iqAµJµ)e−ie
∫
d4x Aµjµ (32)
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but we note that the current can be written as the sum of the contributions coming from each
Fermi surface. For the case of two Fermi surfaces, we have
Jµ =
1
2
(Jµ1 + J
µ
2 ) (33)
The important point to observe is that only the full current needs to be conserved. Physically,
there may be an electric flow between the different Fermi surfaces. We may represent this locally
by instantons contributions
∂µJ
µ
1 = ρ
∂µJ
µ
2 = −ρ (34)
where ρ is the instanton contribution leading to the non-conservation of the charge localized in
each Fermi surface. One can picture the instantons as “holes” connecting the Fermi surfaces, from
where the electric charge may leak. We can rewrite the partition function in order to display this
information
Z[j] =
∑
J1,J2,ρ
∫
DAδ[∂µJ
µ
1 − ρ]δ[∂µJ
µ
2 + ρ]e
−
∫
d4x( 14FµνFµν−i
1
2
qAµ(Jµ1 +J
µ
2 ))e−ie
∫
d4x Aµjµ (35)
Note the sum over instantons ensemble configurations. One way to understand the necessity of
this sum is to consider the limit in which ρ condenses; in this case the Fermi surfaces effectively
superpose, since there is free electric current flow between them. Mathematically, the sum over
ρ becomes an integral and we are left with the only constraint of total charge conservation.
The opposite limit of instantons dilution is also instructive. In this case we have independent
conservation of charges in each Fermi surface, since there are no “holes”.
We can recast this formulation in terms of the total current Jµ, (33), and the relative current
J¯µ =
1
2
(Jµ1 − J
µ
2 ) (36)
The partition function (35) becomes
Z[j] =
∑
J,J¯,ρ
∫
DAδ[∂µJ
µ]δ[∂µJ¯
µ − ρ]e−
∫
d4x( 14FµνFµν−iqA
µJµ)e−ie
∫
d4x Aµjµ
=
∑
J,J¯,ρ
∫
DADθDθ¯ e−
∫
d4x( 14FµνFµν−iq(Aµ+
1
q
∂µθ)Jµ−iJ¯µ∂µθ¯−iρθ¯)e−ie
∫
d4x Aµjµ (37)
Where in the second line we have exponentiated each constraint in the delta functions with fields θ
and θ¯. We note that, since only the total current couples with the gauge field,the system displays
the following charge symmetry
Jµ → −Jµ; J¯µ → J¯µ; Aµ → −Aµ
θ → −θ; θ¯ → θ¯; ρ→ ρ (38)
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Now, following the same procedure that led us to eq.(9), we insert units, one for each current, in
the form of eq.(7), introducing the corresponding fields η and η¯. The Poisson identity eq.(5) will
replace the currents J and J¯ by their Poisson dual K and K¯. We then obtain
Z[j] =
∑
K,K¯,ρ
∫
DADθDηDθ¯Dη¯ e−SK,K¯e−ie
∫
d4x Aµjµe−Sη,η¯ (39)
where
SK,K¯ =
∫
d4x
(
1
4
FµνFµν − iq
(
Aµ +
1
q
∂µθ +
2π
q
Kµ
)
ηµ − i
(
∂µθ¯ + 2πK¯µ
)
η¯µ − iρθ¯
)
(40)
With the use of eq. (20) applied to K and K¯ this formulation can be equivalently rewritten in
terms of two vortex currents, JV and J¯V , in the form
Z[j] =
∑
JV ,J¯V ,ρ
∫
DADθDηDθ¯Dη¯DaDbDa¯Db¯ e−Se−ie
∫
d4x Aµjµe−Sη,η¯ (41)
S =
∫
d4x
(
1
4
FµνFµν − iq
(
Aµ +
1
q
∂µθ +
2π
q
aµ
)
ηµ − i
(
∂µθ¯ + 2πa¯µ
)
η¯µ − iρθ¯
+ibµνJ
µν
V − ibµνǫ
µνρσ∂ρaσ + ib¯µν J¯
µν
V − ib¯µνǫ
µνρσ∂ρa¯σ
)
(42)
As before, in order to proceed, we have to specify a form for the action Sη,η¯, so we will write it
in the most general form as a derivative expansion, respecting the symmetries (note that η and η¯
have the same symmetries as J and J¯ , respectively)
Sη,η¯ =
1
2M2
ηµηµ +
1
2m2
η¯µη¯µ +
1
Λ6
η¯µǫ
µνρσην∂ρησ (43)
Where M , m and Λ are mass parameters.
At this point we can comment on the physical meaning of this formulation. The system defined
by (41), (42) and (43) can be understood as a function of the configurations of the vortex currents
JV and J¯V . The system will display different states depending on the condensation or dilution
of these currents. This is more clearly seen in the extreme situations of complete dilution or
condensation. We thus recognize four main situations
• JV and J¯V condense, that is, become fields to be integrated over in the path integral. In
this case these currents act as Lagrange multipliers forcing b and b¯ to be zero. This in turn
renders a and a¯ into Lagrange multipliers that forces η and η¯ to zero, thus recovering the
free Maxwell theory. This is the expected result of condensation of vortices leading to a
destruction of the superconducting state.
• JV condenses and J¯V dilutes. The dilution corresponds to consider only the configurations
of the system in which J¯V = 0. In this case also the superconducting state is destroyed due
to the condensation of JV . The dilution of J¯V implies that a¯ = 0 and the resulting theory
for θ¯ decouples from the system.
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• JV dilutes and J¯V condenses. As JV → 0 the system becomes superconducting, since a = 0
and the integration over η provides a finite penetration length for the photon. The conden-
sation of J¯V implies η¯ = 0 and the corresponding sector has no effect in the electromagnetic
dynamics. This is therefore the state corresponding to a normal superconductor, as described
in the last section.
• JV and J¯V dilute. When both currents dilute, we have a full topological superconductor.
The dilution of JV is responsible for the establishment of the superconducting phase and
the dilution of J¯V provides the conditions for its topological properties. This case will be
discussed below.
Employing a saddle point approximation, solving the equations of motion of (43) for η and η¯
and taking only the lowest orders terms we obtain
ηµ ≈ iqM
2Bµ (44)
η¯µ ≈ im
2B¯µ, (45)
where the fields Bµ and B¯µ are defined as
Bµ = Aµ +
1
q
∂µθ +
2π
q
aµ.
B¯µ = ∂µθ¯ + 2πa¯µ. (46)
Replacing this in the action (43), we finally have
S =
∫
d4x
(
1
4
Fµν(A)F
µν(A) + q
2M2
2
B2µ +
m2
2
B¯2µ − iq
2M4m2
Λ6
B¯µǫ
µνρσBν∂ρBσ − iρθ¯
+ibµνJ
µν
V − ibµνǫ
µνρσ∂ρaσ + ib¯µν J¯
µν
V − ib¯µνǫ
µνρσ∂ρa¯σ
)
. (47)
We can add one more piece of information in the construction of the effective action by noting
that the sum over instantons configurations ρ can be performed, following Polyakov [19, 20,
21] considering a “dilute gas of instantons” approximation (see also [15]). A generic instanton
configuration will contribute to the partition function with a factor e−
I
e2 , where I represents the
value of the action in the instanton configuration. This term will represent the probability of
creation of an instanton. More precisely, the number of instantons inside a volume V is
V µe−
I
e2 , (48)
where µ has dimension of inverse of volume, and V µ is a region of the material where an instanton
can be located. If an instanton is located at spacetime point x0, we have ρ = ±δ
4(x−x0), with +
or − sign for instantons and anti-instantons, repectively. The partition function for the instantons
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can be evaluated as
∑
instanton
e
∫
d4x iρ(x)θ¯(x) =
∞∑
n+=0
(
µe
−I
e2
)n+
n+!
n+∏
i=1
∫
d4x0i e
iθ¯(x0)×
×
∞∑
n
−
=0
(
µe
−I
e2
)n
−
n−!
n
−∏
j=1
∫
d4x0j e
−iθ¯(x0)
= e
∫
d4x ρ˜ cos(θ¯(x)). (49)
Where
ρ˜ = 2µe
−I
e2 . (50)
This gives a very enlightening interpretation for the Josephson term in the effective action of a
topological superconductor. It is indeed the contribution describing the flow of current tunneling
between the Fermi surfaces characterized by the phase difference θ¯.
Therefore, the full effective action describing the topological superconductor in the case of two
Fermi surfaces has the form
Sj = S + ie
∫
d4x Aµjµ
=
∫
d4x
(
1
4
Fµν(A)F
µν(A) +
q2M2
2
(
Aµ +
1
q
∂µθ +
2π
q
aµ
)2
+
m2
2
(
∂µθ¯ + 2πa¯µ
)2
− iq2
M4m2
Λ6
(
∂µθ¯ + 2πa¯µ
)
ǫµνρσ
(
Aν +
1
q
∂νθ +
2π
q
aν
)
∂ρ
(
Aσ +
1
q
∂σθ +
2π
q
aσ
)
+ ρ˜ cos(θ¯)
+ ibµνJ
µν
V − ibµνǫ
µνρσ∂ρaσ + ib¯µν J¯
µν
V − ib¯µνǫ
µνρσ∂ρa¯σ
)
+ ie
∫
d4x Aµjµ (51)
We note that the fundamental aspect of this result is the axion-like term. The field a¯ in fact
defines the main ingredients in the topological superconductor description. It is peculiar that
the corresponding vortices, J¯V = ε∂a¯ don’t carry electromagnetic flux, as opposed to the usual a
vortices. If we consider a perfect superconductor state, without vortices, JV = J¯V = 0, the action
becomes
Sj = S − ie
∫
d4x Aµjµ
=
∫
d4x
(
1
4
Fµν(A)F
µν(A) +
q2M2
2
(
Aµ +
1
q
∂µθ
)2
+
m2
2
(
∂µθ¯
)2
− iq2
M4m2
Λ6
∂µθ¯ǫ
µνρσAν∂ρAσ + ρ˜ cos(θ¯)
)
+ ie
∫
d4x Aµjµ (52)
We note that in this formulation θ and θ¯ are regular functions. Another way of reintroducing
vortices in this expression is to take θ and θ¯ as angular variables (multivalued functions). This
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makes contact with the formulation obtained in [2], noting that θ¯ = θ1 − θ2 and making
M4m2
Λ6
=
1
16pi2
.
Seeking for a low energy description, we integrate the massive fields in (51) and retain only the
lowest order terms in power of derivatives (Or, equivalently, we let m, M → ∞). The resulting
effective theory is the same as the one for the usual superconductor, so that the only degrees of
freedom relevant in the deep infrared seen to be the vortices and quasiparticles.
Sj →
∫
d4x
(
ibµνJ
µν
V − ibµνǫ
µνρσ∂ρaσ − i
2πe
q
aµjµ
)
(53)
The vortices J¯V have completely decoupled from the theory. But its presence can be seen as an
important aspect of the formulation by noting that the supercurrent
jµs ≡ q
2M2
(
Aµ +
1
q
∂µθ +
2π
q
aµ
)
= ∂νF
νµ − 2iq2
M4m2
Λ6
(
∂µθ¯ + 2πa¯µ
)
ǫνµρσ∂ρ
(
Aσ +
1
q
∂σθ +
2π
q
aσ
)
+ iq2
M4m2
Λ6
2π∂µa¯ρǫ
νµρσ
(
Aσ +
1
q
∂σθ +
2π
q
aσ
)
(54)
is not conserved due to the presence of the J¯V vortices
∂µj
µ
s = −i2πq
2M
4m2
Λ6
ǫµνρσ∂µa¯ν∂ρ
(
Aσ +
2π
q
aσ
)
= −i2πq2
M4m2
Λ6
J¯ρσV ∂ρ
(
Aσ +
2π
q
aσ
)
(55)
This non-conservation of the canonical supercurrent is the main characterization of a topological
superconductor. One can note that the failure of this current conservation is localized on the J¯V
vortex configuration. It is interesting to note that the J¯V vortices do not carry electromagnetic
flux. This signals that the nature of the fermionic degrees of freedom underlying the “anomaly”
must be Majorana modes localized on J¯V . A potential paradox related to the fact that uncharged
degrees of freedom could not account for the inflow of charges was pointed out recently in [8], where
a solution was proposed arguing that the contribution from boundary terms in the computation
of the equations of motion would provide the missing terms canceling the net inflow.
At this point it is important to discuss in more detail the relation between our result, rep-
resented by (51), or its lowest energy limit (53), and the results presented in [2] and [8], where
effective actions for topological superconductors were also proposed. First of all it must be ob-
served that in our formalism the parametersM , m and Λ are not microscopically determined. One
of the main points in [8] is the determination of the coefficient of the topological term (given here
by M
4m2
Λ6
) that the authors point out to be 1
3
of the one found in [2]. The difference comes from a
proper consideration of the microscopic fermionic couplings and its relation to the anomaly (for
details see [8]). In the present work we have not started from a microscopic fermionic theory and
our analysis comes from studying possible vortices configurations in the system and its effects on
the electromagnetic response, as dictated by the Julia-Toulouse approach. Therefore the result do
not touch on the issue of the coefficient of the topological term. In that way, up to the (important)
numerical factors, the action (51) can be mapped to the form of the action presented in [2] or [8]
adjusting M , m and Λ accordingly.
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On the other hand, the formulation here presented highlights and makes more precise the role
of vortices in the establishment of the topological superconducting phase in the material. In fact,
in [2] the action is written with the vortices described by multivalued fields, which makes the
analysis of the effects related to the vortices configurations, such as the supposed anomaly, less
clear. In [8], the authors observed that it was important to consider boundary terms related to
the presence of vortices. Their strategy was to devise an effective theory for one Fermi surface
only, which contains a Wess-Zumino-Witten term taking care of maintaining gauge invariance,
and work out the supposed anomaly when two copies of this theory are considered, describing two
Fermi surfaces of opposite Chern numbers, the same system described by [2] and the present work.
Their conclusion is that there is no anomaly since gauge symmetry is never broken. In order to
reach this conclusion the authors argued that the anomaly would be canceled once vortices were
properly taken into account by retaining boundary terms in their derivation of the current, but
no explicit details of the role of the different vortices were given. Thus a difficulty in both [2]
and [8] is the explicit description of vortices in the system. In particular, the deep infrared limit
(53) was not obtained in both these references and we consider it to be an important result of the
present work. We see that the procedure that was undertaken here, explicitly constructing the
theory through considerations of dilution and condensation of vortices configurations, allowed us
to properly take into account the vortices by construction and deal with the supposed “anomaly”.
More precisely, the charge current, as defined by the functional derivative of (51) with respect to
the gauge field A, is explicitly conserved once the equation of motion of θ is taken into account (as
similarly considered in [8]), as can be easily checked. This of course follows from the maintenance
of the gauge symmetry throughout our derivation. Nevertheless, the canonical supercurrent js
defined in eq.(54), a quantity that is normally conserved in the usual superconducting state, is
here not conserved due to the presence of the J¯V current. But it is important to note that
this is not an anomaly in the charge current, in accordance with the results of [8]. As already
mentioned, we consider this to be the main characterization of the topological superconductor
state here discussed. Our result also establishes the important physical characterization of the
system through its lowest energy effective degrees of freedom, as encapsulated in the action (53)
supplemented by the characterization of the J¯V as the locus of the failure of the supercurrent
conservation, associated with Majorana degrees of freedom. The clear physical description of the
phases of the system also represents a fundamental aspect of our formulation. The phases are
understood as functions of the JV and J¯V configurations, discussed after eqs. (41), (42) and (43).
4 The case of multiple Fermi surfaces
The discussion of the previous section can be straightforwardly generalized to the case when the
system displays N Fermi surfaces. In this case, we define the total current as the normalized sum
over all the Fermi surface currents
Jµ =
1
N
N∑
i
Jµi (56)
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The fluxes between Fermi surfaces are described by instantons ρij that work as “holes” allowing
for electric current flow between Fermi surfaces i and j, which can be locally described by
∂µJ
µ
i =
∑
j 6=i
ρij (57)
Note that the total current conservation, ∂µJ
µ = 0, demands that ρij = −ρji. It is convenient to
define the relative currents
J¯µi = J
µ
i − J
µ (58)
It follows that
∂µJ¯
µ
i =
∑
j 6=i
ρij
N∑
i
J¯µi = 0 (59)
The partition function defining the system in terms of Jµ and J¯µ reads
Z[j] =

∏
j>i
∏
i
∑
J,J¯i,ρij
∫
DA

 δ[∂µJµ]δ[∂µJ¯µi −∑
j 6=i
ρij]δ[
N∑
i
J¯µi ]e
−
∫
d4x( 14FµνFµν−iqAµJµ)e−ie
∫
d4x Aµjµ
(60)
exponentiating the constraints in the delta function through Lagrange multipliers θ, θ¯i and λµ, we
obtain
Z[j] =

∏
j>i
∏
i
∑
J,J¯i,ρij
∫
DADθDθ¯iDλ

 e− ∫ d4x( 14FµνFµν−iq(Aµ+ 1q ∂µθ)Jµ−i∑i(∂µθ¯i+λµ)J¯iµ+i∑i,j ρij θ¯i)e−ie ∫ d4x Aµjµ
(61)
Noting again that only the total current couples with the gauge field, we define here the charge
symmetry (38) similarly as
Jµ → −Jµ; J¯iµ → J¯iµ; ρij → ρij
Aµ → −Aµ; θ → −θ; θ¯i → θ¯i (62)
Following the procedure as before, with the introduction of the identity (7) for each current,
defining fields η, η¯i, and through the Poisson identity (5) introducing the corresponding vortices
Kµ and K¯iµ. With the further use of eq. (20) we can represent each Kµ and K¯iµ by vortex currents
JV and J¯V i, written in terms of aµ and a¯iµ
Z[j] =

∏
j>i
∏
i
∑
JV ,J¯iV ,ρij
∫
DADηDη¯iDθDθ¯iDaDbDa¯iDb¯iDλ

 e−Se−ie ∫ d4x Aµjµe−Sη,η¯i (63)
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with
S =
∫
d4x
(
1
4
Fµν(A)Fµν(A)− iq
(
Aµ +
1
q
∂µθ +
2π
q
aµ
)
ηµ − i
∑
i
(
∂µθ¯i + λµ + 2πa¯iµ
)
η¯iµ + i
∑
i,j
ρij θ¯i
+ibµνJ
µν
V − ibµνǫ
µνρσ∂ρaσ + i
∑
i
b¯iµν J¯
µν
V i − i
∑
i
b¯iµνǫ
µνρσ∂ρa¯iσ
)
(64)
Note that ∑
i,j
ρij θ¯i =
∑
j>i
∑
i
ρij
(
θ¯i − θ¯j
)
(65)
So that Polyakov summation leads to
∏
j>i
∏
i
∑
ρij

 e∫ d4x i∑j>i∑i ρij(x)(θ¯i(x)−θ¯j(x)) = e∫ d4x ∑j>i∑i ρ˜ij cos(θ¯i(x)−θ¯j(x)). (66)
Next we define Sη,η¯i as the most general form respecting the symmetries
Sη,η¯ =
1
2M2
ηµηµ +
∑
i
1
2mi
η¯iµη¯iµ +
∑
i
Λ6i η¯iµǫ
µνρσην∂ρησ (67)
Integrating over ηµ and η¯iµ we find
Sj = S + ie
∫
d4x Aµjµ
=
∫
d4x
(
1
4
Fµν(A)F
µν(A) +
q2M2
2
B2µ +
∑
i
m2i
2
B¯2iµ
−iq2M4
∑
i
m2i
Λ6i
B¯iµǫ
µνρσBν∂ρBσ + i
∑
j>i
∑
i
ρ˜ij cos(θ¯i(x)− θ¯j(x))
+ibµνJ
µν
V − ibµνǫ
µνρσ∂ρaσ + i
∑
i
b¯iµν J¯
µν
V i − i
∑
i
b¯iµνǫ
µνρσ∂ρa¯iσ
)
+ ie
∫
d4x Aµjµ (68)
where the fields Bµ and B¯iµ are defined as
Bµ = Aµ +
1
q
∂µθ +
2π
q
aµ.
B¯iµ = ∂µθ¯i + λµ + 2πa¯iµ. (69)
Again we can search for the theory in the deep infrared region and we will obtain the same as (53),
with the complete decoupling of the vortices J¯iV . But also, these vortices make their appearance
in the anomaly of the corresponding supercurrent
∂µj
µ
s = −i2πq
2
∑
i
M4m2i
Λ6i
ǫµνρσ∂µa¯iν∂ρ
(
Aσ +
2π
q
aσ
)
= −i2πq2
∑
i
M4m2i
Λ6i
J¯ iρσV ∂ρ
(
Aσ +
2π
q
aσ
)
(70)
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where use has been made of the fact that
∑
i
m2i
Λ6i
= 0, that follows from (59).
The same analysis about the dilution and condensation of the currents discussed in the case
of two Fermi surfaces stands in this case. Note that it is necessary that only one of the currents
J¯iV be nonzero in order for the anomaly to occur.
5 Conclusions
In this work we have analyzed superconducting systems with multiple Fermi surfaces. Our main
purpose was to obtain effective low energy field theories describing the relevant excitations of
these systems. The approach we took, inspired by the analyses of [1], led us to the result first
obtained in [2], where an effective axionic electromagnetic theory was proposed as the description
a time reversal invariant topological superconductor. This connection amplifies the results of [1]
helping to solidify the idea that a superconductor state is better described as a topologically
ordered state, instead of usual Ginzburg-Landau symmetry breaking characterization by an order
parameter. Furthermore, we have shown that one of the main ingredients characterizing the
system with multiple Fermi surfaces is the presence of vortices configuration that do not carry
electromagnetic flux. These vortices decouple at the level of the deep low energy action of the
system, in the sense that the effective theory for the electromagnetic response of the system is the
same as for one Fermi surface only. Nevertheless the vortices contribute non-trivially triggering the
non-conservation of the canonical supercurrent, since the source of this non-conservation resides
in a vortex without flux, one can view it as induced by Majorana modes localized on the vortex.
This provides an important characterization of this particular superconducting state.
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A Proof of the relation eq.(20)
For a p-form aµ1...µp that satisfies the gauge fixing condition ∂µ1a
µ1...µp = 0, consider the equation:
ǫµ1...µpµp+1µp+2...µd∂µp+1aµ1...µp = J
µp+2...µd (71)
From this we uniquely get:
aµ1...µp =
1
p! cd−p−1
1
∂2
ǫµ1...µpµp+1µp+2...µd∂
µp+1Jµp+2...µd (72)
where cd−p−1 is a constant. Therefore we have:
∑
Jv
∫
DaGF δ(J
µp+2...µd − ǫµ1...µpµp+1µp+2...µd∂µp+1aµ1...µp)f(a)
=
∑
Jv
∫
DaGF δ
(
aµ1...µp −
1
p! ad−p−1
1
∂2
ǫµ1...µpµp+1µp+2...µd∂
µp+1Jµp+2...µd
)
f(a) (73)
where aGF stands for the gauge fixed field a. As we are considering the integration measure to be
gauge fixed, we do not need to worry about zero modes in the Jacobian (which is the determinant
of the operator ǫ∂). Therefore:
∑
Jv
∫
DaGF δ(J
µp+2...µd − ǫµ1...µpµp+1µp+2...µd∂µp+1aµ1...µp)f(a)
∼
∑
Jv
f
(
1
∂2
ǫµ1...µpµp+1µp+2...µd∂
µp+1Jµp+2...µd
)
∼
∑
K
f(K) (74)
where the last step follows from the equation (19). It is understood that the sum over K spans
only the configurations with ∂K = 0, so that K ∝ 1
∂2
ǫ∂J .
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